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We explore the quantum transmission through open oval shaped quantum dots. The transmission
spectra show periodic resonances and, depending on the geometry parameter, a strong suppression
of the transmission for low energies. Applying a weak perpendicular magnetic field changes this situ-
ation drastically and introduces a large conductance. We identify the underlying mechanisms being
partially due to the specific shape of the oval that causes a systematic decoupling of a substantial
number of states from the leads. Importantly a pairwise destructive interference of the transmitting
states is encountered thereby leading to the complete conductance suppression. Coupling properties
and interferences can be tuned via a weak magnetic field. These properties are robust with respect
to the presence of disorder in the quantum dot.
PACS numbers: 73.23.-b,73.23.Ad,75.47.Jn
Magnetoconductance of two-dimensional mesoscopic
structures in semiconductors is an intense field of current
research both with respect to its theoretical understand-
ing as well as possible applications [1, 2, 3, 4, 5, 6, 7, 8, 9,
10, 11, 12, 13, 14, 15]. The quantum Hall effect [14, 15]
and its various applications, are spectacular examples for
high magnetic field strengths. In the regime of weak mag-
netic fields phenomena like weak localization [4, 5, 6] and
fractal conductance fluctuations [4, 7, 8, 16] in quan-
tum billiard systems and the Aharonov-Bohm effect in,
e.g., quantum rings [9] represent important features. For
higher energies scarring effects are observed [1], which
can be described semiclassically [17, 18] in many cases.
Semiconductor nanostructures have shown to be a testing
ground for fundamental physics models and allow to in-
vestigate the quantum to classical crossover. Apart from
this they are the building elements of future quantum
based electronics. Here coherent control of electronic
states is a necessity for the integration of quantum effects.
Beyond generic effects due to disorder and chaos, the spe-
cific shape of the confining potential has proven to be of
great importance. The magnetoconductance of curved
quantum waveguides, for example, depends strongly on
the bending [10]. Arrays of rectangular quantum dots
show a metal to insulator transition under application
of magnetic fields [12]. In certain cases transmission
through open systems can be determined by only few
eigenstates of the closed system [11]. Making use of these
properties for designing conductance is highly desirable.
In this letter, we focus on the deep quantum regime of low
energies and weak magnetic fields and explore the quan-
tum transmission through an open, oval shaped billiard
system in the ballistic regime. Our approach is based
on the single particle picture where effects of electron-
electron and electron-phonon scattering are neglected.
Experimentally this may be assured by reducing the tem-
perature and the system size to the regime where inelastic
scattering has no significant impact [19, 20, 21]. For cir-
cular or rectangular billiards it is well known that the cor-
responding transmission spectra possess a strongly fluc-
tuating character [13]. In contrast, the obtained trans-
mission spectra for the oval exhibit a highly regular be-
havior. Depending on the degree of deformation, the
transmission can be completely suppressed for large parts
of an entire channel or can become maximal. A weak per-
pendicular magnetic field drastically changes the trans-
mission characteristics from small to large values and vice
versa. The suppressed conductance is caused by the de-
coupling of many eigenstates from the leads accompanied
by systematic degeneracies and destructive interference
for a certain class of states. The magnetic field changes
the coupling strengths and the relative phases of these
states resulting in a magnetic switching effect for very
weak field strengths. The conductance suppression as
well as the switching effect are present even in the case
of significant disorder.
The oval [22] is parametrized as follows:
x(φ) = R[(1 +
δ
2
) sin(φ) +
δ
6
sin(3φ)]
y(φ) = R[(−1 +
δ
2
) cos(φ) −
δ
6
cos(3φ)] (1)
with φ ∈ [0, 2π[. The parameter δ defines the deforma-
tion of the oval. For δ = 0 the boundary describes a
circle, and for δ > 0 one obtains an elongated shape.
Semi-infinite leads of width W = 0.3R are attached to
the right and left side of the oval. Whenever employing
SI-units, we refer to an exemplary choice R = 220 nm. A
reduction of the length scale R would lead to an increase
of energy and magnetic field strength ∼ 1R2 . The Hamil-
tonian reads H = (~p−e
~A)2
2meff
+ V (~r), where the potential
V (~r) is chosen to be zero inside the leads and the oval
and infinite outside. The effective mass is chosen to be
meff = 0.069me where me is the electron mass. ~A is the
magnetic vector potential of a homogeneous perpendicu-
lar magnetic field. The electronic spin is not taken into
account since for the considered regime of field strengths
2FIG. 1: (Color online) (a1-e1): Zero-field transmission
through the open oval for different values of the deforma-
tion parameter (a) δ = 1.5; (b) δ = 1.25; (c) δ = 0.99; (d)
δ = 0.75; (e) δ = 0.5. (a2-e2): Density of the (6, 3) state
(notation see text) in the closed oval including a part of the
lead. (a3-e3): Density of the (11, 3) state. The k-positions of
these states are indicated by the red-dashed lines, labeled 2
and 3 respectively, in the according transmission spectra on
the left.
< 0.1T the Zeeman spin splitting in GaAs (geff = 0.44)
is less than 0.0025meV.
The Hamiltonian is discretized on a tight-binding grid
using the Peirls’ substitution for the vector potential ~A.
The semi-infinite leads on the left and right side in the
absence of a magnetic field are provided by analytic ex-
pressions for the self-energies Σl/r, as described e.g. in
[2, 23]. In the case of a nonzero magnetic field, the field
strength is linearly decreased to zero within a sufficiently
long region of the leads. We have validated the inde-
pendence of our results on the length of this region. The
single particle Green’s function is given by a matrix equa-
tion: G(E) = [EI − (H + Σr + Σl)]
−1 and the trans-
mission is obtained [2] via T (E) = Tr
(
ΓrGΓlG
†) with
Γl/r = i(Σl/r −Σ
†
l/r). We use a parallel implementation
of the recursive Green’s functions method for the calcula-
tion of the transmission [24]. Eigenstates and eigenener-
gies of the closed system are obtained via a block Lanczos
algorithm.
In Figs. 1.a1 to 1.e1 we present the transmission as a
function of the wavenumber k =
√
2meffE
~
for zero mag-
netic field and several values of the deformation param-
eter. The considered range of wavenumbers is the first
channel πW < k <
2π
W , i.e. the propagating wave in the
leads is in the transversal ground state. For the above
specified system size this corresponds to E ∈ [1.2, 5] meV.
The transmission T of the oval shows, for the presented
range of values of δ, less fluctuations in comparison with
the calculations of Rotter et al.[25] for circular and sta-
FIG. 2: Densities of the 41st to 48th (a-h) and the 59th (i)
eigenstate in the closed oval with δ = 0.5 for B = 0 in ener-
getical ascending order. The states are (a) (1, 7); (b) (3, 6);
(c) (11, 1); (d) (8, 3); (e) (5, 5); (f) (10, 2); (g) (7, 4); (h) (2, 7);
(i) (5, 6).
dium billiards (with leads oriented perpendicular to each
other) and in comparison to our own results for rect-
angular and circular geometry. For δ = 1.5, T is al-
most everywhere maximal, distracted only by one series
of nearly periodic and extremely narrow resonance dips in
the transmission. Decreasing δ changes the transmission
in the following way: The existing resonances respec-
tively transmission dips are shifted and broadened and
additionally further resonances occur. We remark that
there are resonances possessing a width < 0.005meV,
which are not resolved in Fig. 1. However, these reso-
nances do not contribute significantly to the conductance
if thermal broadening is taken into account. Apart from
individual resonances T overall decreases with increasing
value of δ: For δ = 0.75 and δ = 0.5 the transmission
is suppressed in the upper and in the central third of
the first channel, respectively. In order to explain the
small number of resonances and the suppression of the
transmission, we will analyze how the eigenstates of the
closed oval (including short lead stubs) contribute to the
transmission when the system is connected to the leads.
Let us first introduce a nomenclature for the states simi-
lar to that for rectangular cavities: We simply count the
number of nodal domains (a nodal domain is a connected
region, where the wavefunction possesses the same sign)
in the longitudinal x- and in the transversal y-direction,
using the notation (n,m) for a state with n nodal do-
mains in the x- and m in the y-direction. The examples
in Fig. 2 show, in energetical ascending order, the 41st
to 48th (Figs. 2.a to 2.h) and the 59th eigenstate (2.i)
of the oval with δ = 0.5. Of course, we consider only the
nodal domains that are located inside the oval, excluding
those in the lead stubs [26].
The number of eigenstates lying in the energy range of
the first channel varies form 65 for δ = 1.5 to 100 for
δ = 0.5 but far fewer eigenstates (in the order of 10 to
320) contribute significantly to the zero-field transmission.
To understand this, we provide a qualitative analysis of
the coupling strengths of individual eigenstates to the
leads. At first, all states with even m (e.g. Figs. 2.f, 2.g
and 2.i) do not contribute to the transmission as they
possess negative transversal y-parity, implying zero over-
lap with the propagating states in the leads, such that
the zero field transmission is determined by the interplay
of (n,m) states with odd m. Later we will see that the
states with even m make one contribution to the magne-
toconductance for non-zero field strength.
In the following, we distinguish between confined states
(CS) and leaking states (LS). A CS does not fill the
whole area of the oval with a substantial probability am-
plitude but is located near the center x = 0 and de-
cays rapidly in the direction towards the lead stubs (e.g.
Fig. 2.a,b,e,h,i). The LS possess a high probability am-
plitude in the lead stubs (e.g. Fig. 2.c and d) and ac-
cordingly a short lifetime in the open system. They
are therefore expected to make a substantial contribu-
tion to the transmission within a broader energy range.
The CS (n,m) (with odd m) cause resonances possess-
ing a width smaller than the average level spacing thus
showing the typical Fano profile [27]. For the CS we
observe that increasing n increases and increasing m de-
creases the states longitudinal x-extension: see for ex-
ample the (2, 7) state (Fig. 2.h) compared to the (1, 7)
state (Fig. 2.a) and the (5, 5) state (Fig. 2.e) compared
to the state (5, 6) (Fig. 2.i), respectively. The latter can
be understood intuitively as a higher transversal exci-
tation (larger m) hinders the wavefunction to penetrate
into regions with smaller y-extension. For fixed m, one
obtains a series of states (n,m) for which the x-extension
and accordingly the coupling to the leads increases with
increasing n. This manifests itself in the transmission:
In the case δ = 1.5 (Fig. 1.a1) there is one series of res-
onances caused by the (n, 3) states with n = 2, . . . , 11.
For example in Figs. 1.a2 and 1.a3 the states (6, 3) and
(11, 3), respectively, are shown. Their k-positions are
marked with red dashed lines in the transmission spec-
trum labeled by ’2’ and ’3’ respectively. Both states
are of the CS type. Resonances due to (n,m) states
with m = 5 are not resolved here, since increasing m
decreases the x-extension severely and accordingly the
resonances’ widths are much smaller. Aside the reso-
nances, the transmission is governed by the LS. The LS
of the closed system can be viewed as a superposition of
two counterpropagating waves in the open system coming
from the left and right lead. These waves obey a certain
phase relation to fulfill the boundary conditions at the
outermost walls of the lead stubs which can be extracted
from the eigenstates. For δ = 1.5, only the (n, 1) states
are of the LS type. They cause a large transmission that
is only modified by the sharp resonances due to the CS.
For δ = 1.25 (Fig. 1.b) the resonances are caused by (n, 3)
states with n = 4, . . . , 13. The increased width of the
oval causes firstly a shift of the resonances to lower ener-
gies (see labels ’2’,’3’ in Fig. 1.b1) and secondly a larger
resonance width as the x-extension of the (n, 3) states
increases (see Figs. 1.b2 and 1.b3). Additionally, an in-
creasing width of the resonances in the (n, 3) series with
increasing n can be observed, as the coupling strength in-
creases with n. The non-resonant transmission is still de-
termined by the (n, 1) states alone and accordingly high.
For δ = 0.99 the (n, 3) states are of the CS type for low
energies, e.g. the (6, 3) state (Fig. 1.c2), and are of the
LS type for higher energies, e.g. state (11, 3) (Fig. 1.c3)
is strongly coupled to the leads. Therefore the according
resonances - visible as dips in the transmission - possess
a very small width for lower energies whereas at higher
energies the resonance widths are larger. Here additional
resonances due to the (n, 5) states with n = 5, . . . , 9
(marked by asterisks) are broad enough to be resolved.
For δ = 0.75 Fano resonances due to (n, 5), (n, 7) and
(n, 9) states of the CS type are visible. All (n, 3) states
are now of the LS type (see Figs. 1.d2, 1.d3) and the
interference of (n, 1) and (n, 3) states changes the non-
resonant transmission severely: it is suppressed in the up-
per third of the first channel. For δ = 0.5 we have again
broad oscillations due to the (n, 3) states which are of the
LS type (see Figs. 1.e2 and 1.e3) and sharp resonances
due to the (n,m) states with m ≥ 5. Within the cen-
tral third of the first channel the transmission is strongly
suppressed. Besides the decoupling of many states from
the leads, the underlying mechanism is as follows: The
two types of LS make up two scattering channels that
show constructive or destructive interference. Within the
broad window of low transmission states of the (n, 1) and
the (n, 3) series are pairwise quasi-degenerate with the
paired states possessing different x-parity, leading to de-
structive interference in the outgoing lead. For example,
the states (11, 1) (Fig. 2.c) and (8, 3)(Fig. 2.d) are located
at kWπ = 1.3442 and 1.3452, respectively. The phase rela-
tion between the leads is zero for the (11, 1) and π for the
(8, 3) state. This mechanism of decoupling of eigenstates
and destructive interference leading to a suppression of
conductance is not a peculiarity of the oval, but is ro-
bust with respect to moderate changes of the geometry.
For example, we obtain almost the same non-resonant
transmission for an ellipse possessing the same length
and width as the oval. Finally we remark that further
decreasing δ and approaching the limit of circular geom-
etry causes more and more states to become LS, such
that the transmission is determined by the interference
of many states leading to large fluctuations with varying
energy.
Applying a weak perpendicular magnetic field changes
the transmission drastically. In Figs. 3.a1 to 3.d1 the
transmission is shown for δ = 0.5 and for several val-
ues of the magnetic field strength B. Already for the
smallest field strength many additional resonances oc-
cur. With increasing field strength some of these reso-
nances broaden quickly. Accordingly, the average trans-
mission rises, reaching a maximum of Tav > 0.8 for
B = 9.46mT. The respective magnetic flux in units of
Φ0 =
h
e through the oval is
Φ
Φ0
= 0.34. Estimating the
4FIG. 3: (Color online) (a1-d1) Transmission through the open
oval with δ = 0.5 for increasing magnetic field strength. (a2-
d2) Densities of the (11, 1) and (a3-d3) of the (13, 2) state
in the closed oval. The k-positions of these states are indi-
cated by the red-dashed lines, labeled 2 and 3 respectively,
in the according transmission spectra on the left. The mag-
netic field strength is (a) B = 1.65mT; (b) B = 4.11mT; (c)
B = 6.58mT; and (d) B = 9.46mT.
influence of thermal broadening by convolution of the
transmission with the derivative of the Fermi function
shows that suppression and enhancement of the conduc-
tance is stable at least for temperatures up to several
Kelvin. For magnetic field strengths above 10mT Tav de-
creases again and reaches a local minimum of Tav ≈ 0.4 at
B ≈ 15mT. For B ≈ 25mT a local maximum of Tav ≈ 0.7
is reached. Height and position of these two local extrema
vary moderately with the Fermi energy. We encounter
a second broad minimum of Tav for B ≈ 39mT and fur-
ther less pronounced minima and maxima for higher field
strengths. Instead of a broad region of suppressed trans-
mission there exists a narrow minimum whose position
shifts to higher energies with increasing magnetic field
strength.
The weak field necessary to cause a strong increase of
the transmission does not substantially change the prob-
ability densities of the eigenstates of the corresponding
closed system. This increase is caused by two mecha-
nisms. (i) Although the approximate degeneracy of the
(n, 1) and (n, 3) states in zero-field is only slightly lifted,
these states acquire different Aharonov-Bohm phases,
which prevents the destructive interference. Figs. 3.a2
to 3.d2 show the density of the (11, 1) state with its k-
position being marked in the transmission curve by the
label ’2’. This state is quasi-degenerate with the (8, 3)
state (Fig. 2.c). For B = 0 transmission is nearly zero
at this k-value. Increasing the magnetic field raises the
transmission (see T (k) in Fig. 2.a1-d1 at position ’2’),
while the phase difference between the two states at the
right lead decreases. (ii) The (n, 2) states that do not
contribute to the zero-field transmission increasingly cou-
ple to the leads with increasing field strength. They
lead to rapidly broadening resonances, resulting in an
enhanced overall transmission. For example Figs. 3.a3
to 3.d3 show the density of the (13, 2) state for different
field strengths. With increasing field strength this state
transforms to a LS, enhancing the conductance.
The symmetry related decoupling from the leads of the
(n,m) states with even m does not suffice to explain the
obtained magnetoconductance. With regard to symme-
try, many states are allowed to contribute to the trans-
mission. The circular and the rectangular billiard includ-
ing their leads possess the same reflection symmetries and
show neither any suppression of the transmission nor a
remarkable change in the averaged T for small values of
the magnetic field strength. Only if most of the (n,m)
states with odd m are also decoupled from the leads ac-
cording to the above described scenario, transmission can
be blocked within a broad energy range and increased by
a weak magnetic field. The existence of further conduc-
tance minima and maxima with increasing magnetic field
strength is the result of only few interfering channels ac-
quiring different Aharonov-Bohm like phases.
We have studied the robustness of the above reported
effects with regard to disorder and impurity scattering.
Alternatively a random on site potential with amplitude
3meV and an impurity potential with a mean free path
of approximately 15µm have been used. The observed
changes of the spectra due to disorder are the increase of
the fluctuations of T , the shift of the exact positions of
the resonances, the occurrence of additional sharp reso-
nances as well as a shift of the threshold for the onset of
transmission to slightly higher energies. However, we em-
phasize that in both cases of disorder all these changes are
of minor extent and the overall behavior of the transmis-
sion, particularly the broad suppression of the conduc-
tance and the magnetic switching effect, remain largely
unaffected, i.e. they are robust to disorder effects.
To conclude, we have shown that the oval represents
a suitable set-up for conductance control via external
magnetic fields. Its elongated, smoothly widening shape
causes for zero field a systematic decoupling of most
eigenstates from the leads. Importantly, destructive in-
terference of quasi-degenerate states results in an ener-
getically broad suppression of the zero-field transmission
which can be designed by the specific choice of the geom-
etry parameters. Our studies show that this effect is not
a peculiarity of the oval, but a systematic robust feature
of many similar geometries that possess the same width
to length ratio and a boundary with similar radius of cur-
vature in the central region. A magnetic field introduces
phases to the eigenstates that changes their couplings to
the leads thereby lifting the destructive interference ef-
fects. This allows to switch the transmission from small
to large values and vice versa. The weak fields necessary
to introduce major changes with respect to the conduc-
tance make our setup a promising candidate for a mag-
netically controlled mesoscopic transport element. We
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